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Abstract

In this work, we develop a rigorous hypothesis testing method to determine whether pairwise comparison data is
generated by an underlying generalized Thurstone model Tr for a given choice function F'. Given n agents, a Tr model
assumes that each agent ¢ has a latent utility parameter w; and the probability that agent ¢ is preferred over agent j in a
pairwise comparison (e.g., a game) is given by F'(w; — w;). While prior work has predominantly focused on parameter
estimation and uncertainty quantification for such models, our work bridges a crucial gap by developing a hypothesis
testing approach for 7r models. We formulate this testing problem in a minimax sense by introducing a notion of
separation distance between a general pairwise comparison model and the class of 7r models. We then derive both upper
and lower bounds on the critical threshold of our minimax hypothesis testing problem, which depend on the topology
of the underlying observation graph of comparisons. For example, in the setting where all possible pairwise comparisons
are observed (i.e., complete observation graph), the critical threshold scales as ©((nk)™'/?), where k is the number of
pairwise comparisons between each pair of agents. Furthermore, we propose a specific hypothesis test inspired by our
separation distance for our testing problem, and assess its performance by establishing “time-uniform” upper bounds on
type I and type II error probabilities using reverse martingale ideas. To complement this, we also develop a minimax risk
lower bound for our testing problem using information-theoretic ideas. Additionally, we prove several auxiliary results
over the course of our analysis, such as error bounds on parameter estimation and “time-uniform” confidence intervals.
Finally, we conduct several experiments on synthetic and real-world datasets to validate some of our theoretical results
and test for 77 models. In the process, we also propose a data-driven approach to find the threshold of our test.

I. INTRODUCTION

Learning rankings from data is a fundamental problem underlying numerous applications, including recommendation
systems [1], sports tournaments [2], [3], fine-tuning large language model (LLMs) [4], and social choice theory [5], [6].
The class of generalized Thurstone models (GTMs) [7]-[9], which fall under the broader framework of random utility
models, is a widely adopted framework for ranking agents, items, or choices based on given preference data. GTMs
include many other models as special cases, most notably the Bradley-Terry-Luce (BTL) model [2], [5], [10], which
has been widely studied. Given n agents [n] = {1,...,n}, GTMs can be construed as likelihood models for pairwise
comparisons between pairs of agents. In particular, a GTM T assumes that each agent 7 is endowed with an unknown
utility parameter w; € R and the probability that agent 7 is preferred over agent j (e.g., ¢ beats j in a game) is given
by F(w; —w;), where F' represents a known choice function which is a cumulative distribution function (CDF).

While GTMs have been utilized in many contexts, e.g., [11], [12], they are parametric models where n utility
parameters characterize the model. Indeed, the assumption that pairwise comparison data is governed by a small number
of parameters forms the basis of most results on GTMs [3], [13]-[15]. However, such parametric models can sometimes
be too restrictive, failing to capture intricacies in real applications [16]-[18]. Notably, GTMs struggle to accommodate
context-dependent effects, such as the home-advantage effect observed in sports tournaments [19], [20], where teams
may perform differently when playing at home versus away. Furthermore, GTMs assume transitive relationships, which
may not hold in real-world datasets. To accurately capture the complex and diverse behaviors observed in real-world
data, non-parametric models, e.g., [14], [21], have been studied as an alternative. This conversation raises an important
question: Given pairwise comparison data, can we determine whether it is comes from a specific GTM? If it does, then
we can rely on the vast GTM literature for learning, and if it does not, then we can resort to using other parametric
models such as the Mallows model [22] or non-parametric models [23].

Despite extensive research in the area, there is no systematic answer to the above question in the literature, i.e.,
there is no rigorously analyzed hypothesis test to determine whether given pairwise comparison data conforms to an
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underlying GTM model. To address this, we study the composite hypothesis testing problem of whether data obeys a
GTM 7T for a given choice function F:

Hy : Z ~ Tr for some choice of w € W, 0
H; : Z ~ general pairwise comparison model that is not 7,
where Z denotes the pairwise comparison data, and Hy and H; are the null and alternative hypotheses, respectively
and )V denotes the parameter set for weight w.

A. Main Contributions

We analyze the composite hypothesis testing problem outlined in (1) with a specified choice function F'. Our main
contributions include the following:

1) We frame the hypothesis testing problem in a minimax sense (Section II) by developing a rigorous notion of
separation distance to the class of all GTMs that admits tractable analysis (Section III, Theorem 1).

2) We derive upper and lower bounds on the critical threshold for our test (Section III, Theorem 2 and Proposition 2).
These bounds exhibit a dependence on the graph induced by the pairwise comparison data (see Section III-B)
and are tight for complete graphs.

3) We use the separation distance to propose a hypothesis test and establish various theoretical guarantees for
our test. Specifically, we prove “time-uniform” type I and type II error probability upper bounds for our test
(Section III, Theorems 4 and 5), and also provide a minimax lower bound.

4) Additionally, we obtain auxiliary results like error bounds on parameter estimation for general pairwise comparison
models (Theorem 3) and “time-uniform” confidence intervals under the null hypothesis (Proposition 4).

5) Finally, we validate our theoretical findings through synthetic and real-world experiments, proposing a data-driven
approach to determine the test threshold and using the test to determine different choice functions’ fit to the data
(Section VIII).

B. Related Literature

The class of GTMs has a rich history in the analysis of preference data. Initially proposed by Thurstone [7], these
models are widely used in various fields, ranging from psychology [24], economics [25], and more recent applications
like aligning LLMs with human preferences [4]. Early foundational works, e.g., [5]-[7], explored different cumulative
distribution functions F' for modeling choice probabilities, including Gaussian [7], logistic [2], and Laplace [26]. These
models and their extensions underlie popular rating systems, such as Elo in chess [11], [12], [27] and TrueSkill in video
games [28]. Several recent works have actively explored estimation techniques for Thurstone models. For instance,
[13] estimated parameters of Thurstone models when the preference data is derived from general subsets of agents
(not specifically pairs), and [14] focused on parameter estimation for GTMs and the effect of graph topology on the
estimation accuracy.

Furthermore, a significant portion of the literature has focused on parameter estimation in the special case of the BTL
model, e.g., [15], [29]-[33], where two prominent algorithms are spectral ranking [30], [31] and maximum likelihood
estimation [27], [34]. Another related line of work is on uncertainty quantification for estimated parameters [35]-[38].
For example, [35] established the asymptotic normality of estimated parameters in the BTL model for both spectral
ranking and maximum likelihood estimation, and [36] generalized the asymptotic normality results to a broader class
of models such as GTMs and Mallows models.

Despite the extensive work on parameter estimation, relatively few studies have rigorously investigated hypothesis
testing for such parametric models. In particular, [39] developed two-sample tests for preference data, [40] studied
lower bounds for testing the independence of irrelevant alternatives (IIA) assumption (i.e., BTL and Plackett-Luce
models [5], [41]), and [42] developed hypothesis tests for BTL models based on spectral methods. In contrast to these
works, we develop hypothesis testing for GTMs using a maximum likelihood framework, complementing the work in
[42].

II. FORMAL MODEL AND SETUP

We begin by introducing a general pairwise comparison model that provides a flexible framework encompassing a
broad range of established probabilistic models, including the BTL model [2], [5], [10], the Thurstone model [7], and
non-parametric models [14], [21]. In this framework, we consider n € N\{1} agents (or items or choices) [n] engaged
in pairwise comparisons. For agents ¢, j € [n] with ¢ # 7, let p;; € (0,1) denote the probability that i is preferred over



7 in an “¢ vs. 57 pairwise comparison. This model inherently captures the asymmetric nature of pairwise comparisons,
as the outcome of an “¢ vs. 57 comparison may differ from that of a “j vs. <" comparison. This reflects real-world
phenomena like “home advantage” that are commonly observed in sports [19], [20]. To model the fact that not all
pairwise comparisons may be observed, we assume that we are given an induced observation graph G = ([n], £), where
an edge (i,7) € € (with i # j) exists if and only if comparisons of the form “i vs. j” are observed. Let E € {0, 1}™*"
be the adjacency matrix of G, with E;; = 1 if (¢,j) € £ and 0 otherwise. Furthermore, we assume that the edge set £
is symmetric (i.e., G is undirected), implying that if “i vs. j” comparisons are observed, then “j vs. ¢ comparisons are
observed as well. Additionally, we assume that G is connected and is fixed a priori (see Proposition 1), independent of
the outcomes of observed pairwise comparisons. Also, let D € R™*™ the diagonal degree matrix with D;; = Z?Zl E;;
for i € [n], and L £ D — E be the graph Laplacian matrix. L can be expressed as L = X T X, where X € R(1/2)xn
is the matrix formed by collecting row vectors x;; = e; — e; for (i,7) € € and j > i, with e; being the ith standard
basis vector in R™. For the Laplacian L, we define the semi-norm with respect to L as ||z||, = V&™ Lz, where x € R”
and L is the graph Laplacian matrix.

A. Comparison Models

1) Pairwise Comparison Model: We begin by defining a general pairwise comparison model which encompasses a
broad range of existing models, such as the BTL model [2], [5], [10], Thurstonian model [7], non-parametric models
[14], [21], etc.

Definition 1 (Pairwise Comparison Model). Given an observation graph G over the agents [n), we refer to the collection
of probability parameters {p;; : (i,j) € £} as a pairwise comparison model.

Furthermore, we can represent a pairwise comparison model by a pairwise comparison matrix P € [0, 1]"*™ with

(e ‘7 ) € 57
py e b )€ @)
0, otherwise.

We remark that our ensuing analysis can be easily specialized to a symmetric setting where “7 vs. j” and “j vs. 7"
comparisons are equivalent. In this case, F is automatically symmetric as assumed. On the other hand, the symmetry
assumption on E is needed in asymmetric settings because GTMs inherently treat “s vs. j” and “j vs. ¢” comparisons
as equivalent, which is not true in general models.

2) GTM model: Next, we describe a GTM for a choice function F': R — [0, 1] (a special kind of CDF).

Definition 2 (Generalized Thurstone Model). Given an observation graph G, a pairwise comparison model is said to
be a generalized Thurstone model (GTM) Tr with choice function F : R — [0,1] if there exists a weight (or utility)
vector w € W such that:

V(’L,]) c 5, Pij = F‘(’LUZ — wj),

where W C R" is a specified convex parameter space (usually R™ or a compact hypercube in R").

The GTM [8], [9] posits that every agent ¢ has a latent utility w;, and uncertainty in the comparison process is modeled
by independent and identically distributed (i.i.d.) noise random variables X7y, ..., X, with absolutely continuous CDF
G : R — [0,1]. The discriminant variables (w; + X1, ..., w, + X,,) formed by combining utilities with the noise
random variables are then compared to determine the outcomes of pairwise comparisons. Hence, the probability of
preferring agent ¢ over j is given by

P(i preferred over j) = P(w; + X; > w; + X;) = / Gy +w; —w;)G (y) dy = F(w; — wj). 3)

As noted earlier, GTMs encompass a wide range of models as special cases, e.g., Thurstone models [7], BTL models
[2], [5], Dawkins models [26], etc. We can also define a pairwise probability matrix F(w) € [0,1]"*™ for a GTM Tg
with weight vector w via
F(w; —w;), (i,j) €€,
0, otherwise.

Wmmé{ €))

We next describe the data generation process for GTMs and general pairwise comparison models alike. For any pair
(i,4) € &, define the outcome of the mth “i vs. j” pairwise comparison between them as the Bernoulli random variable

(&)

gm A 1, if ¢ preferred over j (with probability p;;),
Y 0, if j preferred over i (with probability 1 — p;;),
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for m € [k;;], where k;; denotes the number of observed “i vs. j” comparisons. The given pairwise comparison data
is then a collection of these independent Bernoulli variables Z = {25} : (i,5) € &, m € [k; ;]}. For convenience, we
also let Zij £ Zi:]:l ZZL and f)ij £ Z”/klj

3) Parameter Estimation for GTM: To present our testing formulation in the sequel, we explain how the parameters of
a Tr model are estimated given pairwise comparison data Z [14]. First, we define the weighted negative log-likelihood
function 1 : W x [0,1]1¢] — R, U {400} as

Uw; {piy : (1,5) €EN) 2 = D Pijlog(F(wi —wy)) + (1 =) log(1 = F(w; — wy)). (6)
(i,5)€€
Note that this function represents a weighted variant of the typical log-likelihood function used in parameter estimation
[13], [14]. The weights of the 7 model are estimated by minimizing:

£ argminl(w; {py; : (i, 5) € €}), @)
weW,

w

all-ones vector, and the constraint w1 =0 allows for identifiability of the weights.

where the constraint set W, = {w € W: ||w||oo < b, wT1 = 0} for some (universal) constant b, 1 € R" denotes an

B. Assumption on Comparison Models

To facilitate the analysis of the hypothesis testing problem in (1), we introduce a simplifying assumption on the
class of general pairwise comparison models. We assume that the pairwise probabilities p;; are bounded away from 0
and 1.

Assumption 1 (Dynamic Range). There exists a constant 6 > 0 such that for any pairwise comparison model under
consideration, p;; € [0,1 — ¢] for all (3,j) € E.

Note that under the null hypothesis, the Assumption 1 is satisfied by all 7z models with weights bounded by
F~1(1 — §)/2. Subsequently, we assume that the constant b satisfies b > F~1(1 — §)/2. For any given pairwise
comparison model {p;; : (i,7) € £}, define w* € W, be the weights of a 7 model that best approximates this
pairwise comparison model in the maximum likelihood sense:

w* £ argminl(w; {pi; : (i,j) € E}). (8)
weEW,

Finally, we also assume in the sequel that the given choice function F' exhibits strong log-concavity and has a bounded
derivative on [—2b, 2b], i.e., there exists a constant «, 5 > 0 such that:

2
Vx € [—20b, 2], —% log(F(z)) > a and F'(z) < f. )

Several popular GTMs including the BTL and Thurstone (Case V) model satisfy both the above assumptions. The
following proposition highlights that w* always exists and is unique for a strictly log-concave function ' on W.

Proposition 1 (Existence and Uniqueness of Maximum Likelihood). Suppose the observation graph G is connected,
the choice function F : R — [0, 1] is strictly log-concave on [—2b,2b|, and Assumption | holds. Then, there exists a
unique optimal solution w* € W, satisfying (8).

The proof is provided in Section I'V-B. It follows from Proposition 1 and Gibbs’ inequality that when the pairwise
comparison model is indeed a 7 model with weight vector w, then we have w* = w.

C. Minimax Formulation

For any fixed graph G, choice function F', and (universal) constants §,¢ > 0 and b > F~1(1 — §)/2, define the sets
M and M (€) of Tr and pairwise comparison models:

Mg £ {P : Assumption 1 holds and 3 w € W), such that P = F(w)}, (10)
1
Mi(e) & {P : Assumption 1 holds and inf —||P — F(w)||r > e}, (11)
wWEWL N
where || - ||r denotes Frobenius norm. Now, we formalize the hypothesis testing problem in (1) as:

Hy: Z~Pec Mo,

12
Hy: Z~PecMe). (12
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We will discuss the separation distance inf,cywy, |P — F(w)||r later. For now, note that we only test on the set of
observed comparisons £ as it is not possible to determine whether the comparisons on £¢ would conform to a 7r model
or some other pairwise comparison model. Next, for any fixed graph G, choice function F', and constants 9, b, e > 0,
we define the minimax risk as:

R(g,oémf{ sup Pro($(2) = 1)+ sup PH1<¢<Z>0>}7 (13
¢ | PeMyg PeMi(e)

Z~P under Hg Z~P under H,

where the infimum is taken over all randomized decision rules ¢(Z) € {0,1} (with O corresponding to Hy and 1 to
Hy), and Py, and Py, denote the probability measures under hypotheses Hy and H;, respectively. Intuitively, this
risk minimizes the sum of the worst-case type I and type II errors. Finally, we define the critical threshold of the
hypothesis testing problem in (12) as the smallest value of e for which the minimax risk is bounded by % (cf. [39]):

1
scéinf{oosn(g,e) < 2}. (14)
Note that the constant % here is arbitrary and can be replaced by any constant in (0, 1).

III. MAIN RESULTS

In this section, we present the main results of the paper. We first show that our notion of separation distance can be
simplified for analysis, then proceed to bound the critical threshold and minimax risk, and finally, establish type I and
IT error bounds in the sequential setting.

A. Separation Distance and Test Statistic

Recall that to formalize (12), we defined the separation distance of a pairwise comparison model P to the class
of Tr models as inf,ew, ||P — F(w)||r (for fixed F'). To make this separation distance more amenable to theoretical
analysis, we approximate it in the next theorem with the simpler quantity ||P — F(w*)||r, where w* is given in (8).

Theorem 1 (Separation Distance to 7r Models). Let P be a pairwise comparison matrix satisfying Assumption 1.
Then, there exists a universal constant c¢; > 0 (that does not depend on n) such that the separation distance between
P and the class of Ty models satisfies

alP—Fw)lr < inf |[P-Fw)lr <[P -Fw)lr,

where w* is given by (8).

The proof is provided in Section IV-C. The upper bound is immediate, and the lower bound utilizes the information-
theoretic bounds between f-divergences.

1) Test Statistic: We now introduce our test statistic based on the approximation derived in Theorem 1. First, we
partition the observed comparison data Z into two (roughly) equal parts 2y = {Z]} : (i,j) € £, m € [|k;;/2]]} and
Z9 = Z\ 2. The first half of the dataset Z; is used to estimate the parameters  as shown in (7). Then, we use Z
to calculate the fest statistic T' via

Ziy(Ziy = 1) | o b — ;) 2
a (Z)ég <k§j<k;j—1>+F(wi—wj>2 —2F<w'i‘wi)/~s;-j>lkzj>h (1
]

where kj; = kij — [kij /2], Zij = 3 5 |k, /2) Zij 18 computed as before but using only the samples in Z5, and 14
denotes the indicator function of A. By construction, if @ = w*, then E[T] = || P — F(w*)||3. Hence, T is constructed
by plugging in @ in place of w* in an unbiased estimator of ||P — F(w*)||%. Our proposed hypothesis test thresholds

T to determine the unknown hypothesis (H; is selected if T' exceeds a certain threshold). We will discuss analytical
expressions for the threshold below and a data-driven manner of determining the threshold in Section VIII.



B. Upper Bound on Critical Threshold

In this section, we make the simplifying assumption that k;; = 2k (with k € N) for all (¢,j) € £. The ensuing
theorem proved in Section V establishes an upper bound on the critical threshold of the hypothesis testing problem
defined in (12).

Theorem 2 (Upper Bound on Critical Threshold). Consider the hypothesis testing problem in (12), and assume that
Assumption 1 holds and k > 2. Then, there exists a constant co > 0 such that the critical threshold defined in (14) is
upper bounded by

2 o &2
g < —.
<7 nk
In analysis we select Hy if T' > 7 and Hy otherwise, where < is an appropriate constant independent of n, k (see
(37)). The analysis relies on establishing non-trivial error bounds (in || - ||;, seminorm) for parameter estimation of 7

models when the data is generated by a general pairwise comparison model, which is not necessarily a GTM (i.e.,
deriving error bounds under a potential model mismatch). The error bounds allow us to prove bounds on the mean
and variance of the test statistic 7' under both hypotheses Hy and H;. Then, using Chebyshev’s inequality, we can
bound the probabilities of error of our test under each of the hypotheses, which induces an upper bound on the critical
threshold.

We also note that in the special case where T is a BTL model, our upper bound on &, recovers the bound in [42] for
complete graphs. But our likelihood-based proof is quite different to the spectral ideas in [42]. Finally, we present the
key ¢2-error bounds for parameter estimation when data is generated by a general pairwise comparison model needed
to prove Theorem 2 (as mentioned above).

Theorem 3 (Error Bounds for Parameter Estimation). Consider any pairwise comparison model satisfying Assumption 1
with w* given by (8) and W constructed according to (7) from data generated by the model. Then, for some constant
cs > 0, the following tail bound holds on the estimation error of w*:

N C3n62 —t
vt>1, P —wt]2 > 2 t] <
= (lw w ||L = Oész(72b)2 ) =€
where « is defined in (9). Moreover, for any p > 1, there exists a p-dependent constant c¢(p) > 0 such that the expected
pth moment of the error is bounded by

Bl — w*|[%] < (%) :

The proof is provided in Section IV-D. In the special case where the pairwise comparison model is a GTM, our
bounds recover the bounds derived in [14, Theorem 3] up to constants. However, our result is much more general
because it holds for any pairwise comparison model, which requires careful formulation and development of the proof
technique.

These error bounds can be easily converted into ¢2-error bounds using the relation || — w*||% > Ao(L)||w — w*||3,
where Ay (L) is the second smallest eigenvalue of the Laplacian L. It is worth emphasizing the dependence of the error
bound on the topology of the observation graph G. The connectedness of the graph ensures A2(L) > 0, and the value
of A\y(L) is well-known for various classes of graphs:

o For a complete graph on n nodes, dyax = n — 1 and A\2(L) = n, yielding an /2-error bound of O(1/k).

o For a d-regular spectral expander graph with constant d, dy,ax = d and \o(L) > d—2+/d [43], yielding an £>-error
bound of O(1/k). ‘

« For a single cycle graph on n nodes, dpax = 2 and A\2(L) = ©(1/n?), yielding an £2-error bound of O(%)

o For a two-dimensional \/n x \/n toroidal grid (formed by the Cartesian product of two cycles of length /),

dmax = 4 and A\o(L) = ©(1/n), yielding an ¢2-error bound of O(%z)

C. Information-Theoretic Lower Bounds

We now establish information-theoretic lower bounds on the minimax risk and critical threshold for the hypothesis
testing problem in (12). For simplicity and analytical tractability, assume that k;; = k € N for all (i,5) € &, and
assume that the observation graph G is super-Eulerian [44], i.e., it has an Eulerian spanning sub-graph G= ([n], I3 ) so
that every vertex of G has even degree. Then, G has a cycle decomposition C by Veblen’s theorem [40], [45], where C
is a collection of simple cycles o that partitions the undirected edges of G. The ensuing theorem, proved in Section VI,
presents our minimax risk lower bound.



TABLE I: Bounds in this work on critical threshold e, for various induced observation graphs, where n represents the
number of agents and k is the number of comparisons between agents per pair.

Complete graph d-regular graph Single cycle Toroidal grid
1 1 1 1
Upper bound O —= O —= Ol — Ol ——
PP (\/nk) (\/ﬂk) (\/nk) (\/nk;>
1 1 1 1
Lower bound Q(—) Q(i) Q(i) Q(7>
Vnk n2k n2k Vn7/4k

Theorem 4 (Minimax Lower Bound). Consider the hypothesis testing problem in (12) and assume that the observation
graph G is super-Eulerian with spanning Eulerian sub-graph G. Then, there exists a constant ¢4 > 0 such that for any
€ > 0, the minimax risk in (13) is lower bounded by

1 cak?ntet
>1—= —_— 2] -
R(G,e) > 1 5 exp( GE E lo] 1,

oceC

where |o| denotes the length of a cycle o € C, and C is the cycle decomposition of G.

Our approach utilizes the Ingster-Suslina method [46], which is similar to Le Cam’s method, but provides a lower
bound by considering a cleverly chosen point and a mixture on the parameter space instead of just two points. Our
specific construction is inspired by the technique introduced in [40], which establishes a lower bound for testing of IIA
assumption for the BTL model and for Eulerian graph structures. We extend their approach in three significant ways.
First, we generalize their method to accommodate any GTM rather than just the BTL model. Second, we use a different
technique based on Theorem 1 to lower bound separation distance from the class of 7z models. Moreover, our work
quantifies separation using Frobenius norm instead of sums of total variation distances. Third, our argument holds for a
broader class of graphs, namely, super-Eulerian graphs. Note that the question of algorithmically constructing Eulerian
sub-graphs of graphs has been widely studied [47].

The following proposition simplifies Theorem 4 to obtain lower bounds on the critical threshold for several classes
of graphs.

Proposition 2 (Lower Bounds on Critical Threshold). Under the assumptions of Theorem 4, the following lower bounds
hold for the critical threshold defined in (14):

1) If G is a complete graph with odd n vertices, then €2 = Q(1/nk).

2) If G is a d-regular graph with constant d > 2, then €2 = Q(1/n%k).

3) If G is a single cycle graph with n vertices, then €2 = Q(1/n?k).

4) If G is a two-dimensional \/n x \/n ftoroidal grid on n vertices formed by the Cartesian product of two cycles of
length /n, then €2 = Q(1/n7/%k).

The proof of Proposition 2 involves calculating the number of simple cycles and the individual cycle lengths in the
cycle decompositions C and is provided in Section VI-B. The lower bounds on ¢, are then obtained from Theorem 4.
We remark that our minimax upper and lower bounds on e. match for the complete graph case, demonstrating the
minimax optimality of the threshold’s scaling (up to constant factors). Moreover, they also match with respect to k for
other classes of graphs as well. It is worth mentioning that in the special case of BTL models with single cycle graphs,
our lower bound on . improves the high-level scaling behavior in [40] from Q(1/v73k) to Q(1/vn2k) (when &, is
quantified in terms of Frobenius norm). Lastly, we remark that for single cycle graphs, the gap between the upper and
lower bounds in terms of n intuitively holds because our lower bounds become larger when there are more cycles in
C, which is only 1 in this case.

D. Upper Bounds on Type I and II Error Probabilities

To complement the minimax risk lower bound in Theorem 4, we establish upper bounds on the extremal type I and II
error probabilities. We will do this in the sequential setting, where data is observed incrementally—a common practical
scenario which subsumes the standard fixed sample-size setting, cf. [48], [49]. In the sequential testing framework, at
each time step, we observe a single “i vs. j” comparison for every (i,j) € £. (The subsequent analysis can be extended
to a general setting where we observe only one comparison for some pair (i,j) € £ or even a variable number of
comparisons at every time step.) At time ki + k with k1, k € N, we define T*1E to be the value of the test statistic
T in (15), where comparisons from k; time-steps have been used to build the dataset Z; to estimate parameters using
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w, and k time-steps have been used to build the dataset Z5 to calculate the statistic 7. Note that Z; and Z5 no longer
need to be similar in size. Then, we can decide based on thresholding T%1-* (see Theorem 5) whether to collect more
data or stop and reject Hy while controlling the probabilities of error. If the testing process ends without rejecting Hy,
then we can accept Hy. A key observation underlying our analysis is the following reverse martingale property (see,
e.g., [48], [49)).

Proposition 3 (Reverse Martingale). Fix any k1 € N, and let Fj, = ®(i7j)€g U(ZZLQH z, Zijﬁkﬂ, ijl+k+2, o)
be a non-increasing sequence of o-algebras, where Q) denotes the product c-algebra. Then, the sequence of test-
statistics {T*''* : k > 2} is a reverse martingale with respect to reverse filtration {Fy,:k > 2}, i.e., for k>2, TF ¥

is Fy-measurable and E[T’“hk\}"kﬂ] — Tk1,k+1

The proof is presented in Section VII-A. This observation allows us to develop time-uniform bounds in terms of k
on type I and type II error probabilities, i.e., they hold for all k larger than a constant. The next theorem, proved in
Section VII-C, presents our type I and type II error probability bounds.

Theorem 5 (Type I and Type II Error Probability Bounds). Under the sequential setting discussed above, the following
bounds hold on the extremal type I and type II error probabilities. There exist constants cs, cg, C7,cs such that for all
t>1,ve(0,1/e), ki € N and € > cs5t2 /\/nky, we have

1
IARYA 174
sup PH0<EII<: > 2,Tk1’k > Cﬁtkﬂl‘F WTM + cg i k’") < 1/+e*t,

PeMgy
1
1 §€ v i f o,V —
sup P, ( 3k > 2, THF— (D — gttt if)2 < —TE e ypy bt ey B ) < ppet,
PeM;(e) k k

where D 2 |P — F(w*)||r and é & \/n/ky and {y,, = log(3.5log2(k)/z/).

We now make several remarks. Firstly, our error probability bounds encode the scalings of the thresholds to accept
or reject Hy (see (37)). Secondly, our bounds hold regardless of how the decision-maker assigns data collected at
different time-steps to Z; and Z5. Moreover, they provide insights on how to split the data based on the topology of
the observation graph, e.g., the bounds suggest an equal split of the data for complete graphs, whereas for a single
cycle, achieving better Type I error control favors a larger value of k1. To illustrate this and help parse Theorem 5, we
present corollaries of Theorem 5 for the complete and single cycle graph cases in Appendix A.

Thirdly, our bounds clearly hold in the non-sequential fixed sample-size setting, as we can just fix a particular value
of k. Hence, adding the two extremal probabilities of error yields upper bounds on the minimax risk. Notably, the
proof of Theorem 5 requires us to develop a time-uniform version of the well-known Hanson-Wright inequality [50]
specialized for our setting (see Lemma 5 in Section VII-B). Additionally, as an intermediate step in the proof, we also
obtain time-uniform confidence intervals under the null hypothesis Hy, as demonstrated in the following proposition.

Proposition 4 (Confidence Interval for T%1:F). Suppose 0 is estimated as in (7) from the comparisons over ky time-
steps. Then, there exists a constant cg > 0 such that for all v€(0,1/e) and k1 €N,

Py (3 2 279 2 [F(@) — F ) + e L 4 aF0) — Py 42 <0

Proposition 4 is established in Section VII-B. We remark that the distribution of ||F(@w) — F(w*)||r above can

be approximated either by leveraging the asymptotic normality of w — w* [35], [36], or by utilizing bootstrapping

techniques; this gives (1 —2v) time-uniform confidence intervals. Additionally, the constant ¢; here is also the constant

in our specialized version of Hanson-Wright inequality (noted above) and, for our setting, can be approximated via

simulations. An empirical investigation into estimating the constant cg and the subsequent confidence intervals can be
found in Appendix B.

IV. PROOFS OF PROPOSITION 1 AND THEOREMS 1 AND 3
A. Additional Notation and Preliminaries

We begin by introducing some additional notations and discuss some necessary preliminaries that will used throughout
our proofs. To simplify our notation, we use {(w) to denote I(w; {pi; : (1,7) € €}) where p;; are computed based on
the partitioned dataset Z;. Similarly, we use [*(w) to denote I(w; {p;; : (¢,j) € £}) where p;; are the actual underlying
pairwise comparison probabilities. When w = w* or w = w, we simplify the notation by using F and F to denote
the matrices F(w*) and F(w) (cf. (4)) respectively, for brevity. We say that a random variable X is p?-sub-Gaussian,
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if it satisfies the condition, log(E[exp(sX)]) < u%s?/2 for all s € R. Notably, 1 is computed as in (7) even though
the data may not conform to an underlying 7 model. Throughout the appendices, we denote various constants using
overlapping labels, such as ¢, ¢q, co, ... to simplify our notation and facilitate readability. Moreover, we define £, to
denote the set {(7,j) € £ : 7 > i}.

1) Prelimiaries: Recall that, as defined in (8), w* represents the weights of a 7r model that best approximates the
pairwise comparison model {p;;, (¢,j) € £}. Now, we show that any pairwise comparison model can be converted into

its skew-symmetric counterpart {mz_p“, (1,j) €& } such that both of them share the same optimal weights.

Lemma 1 (Skew-Symmetrized Model). For a symmetric edge set &, the pairwise model {p;; : (i,7) € £} and and its
skew-symmetric counterpart {% :(i,5) €€ } has the have the same optimal Tr weights w* as defined in (8).

Proof. Note that the weighted negative log-likelihood objective can be written as

Fw) = argmin — 3 piylog(F(w; — wy)) + (1 = piy) log(1 — Flw; — wy))

weW:wT1=0

(4,7)€E

a :
= argmin — Z pijlog(l — F(w;j —w;)) 4 (1 — pi;) log(F(w; — w;))

wEW:wT1=0 =

(.)€
ij 1 —Dpji 1 —pij +pji

@ agmin = Y (PR tog(Pun - ) + (P g - i)

weW:wT1=0 (i,))€E 2 2

where (; follows since F(—x) =1 — F(x) and (s, follows by adding the first two equations and dividing by two. [

Therefore, for any pairwise comparison model {p;; : (i,7) € £}, we can define its skew-symmetrized counterpart
{gij : (i,7) € E}, where:
a Pij+1—pj

v (i,5) € E,qy & P (16)

We call these transformed probabilities ¢;; as skew-symmetrized probabilities because we have ¢;; + ¢;; = 1, and
thereby this transformation effectively removes any distinctions between “¢ vs. 5 and “j vs. ¢” comparisons. Also,
note that for any pairwise comparison model satisfying Assumption 1 its skew-symmetrized model also satisfies it. In
a similar manner, we can define ¢;; = p“zﬂ as the skew-symmetrized version of the empirical probabilities. With
this notation in place, we are ready to state the proof of Proposition 1 below.

B. Proof of Proposition 1

Uniqueness. The uniqueness of w follows directly from the strong log-concavity of F'(-). This is because if v*, w* €
W), are any two non-unique solutions of (8) such that [*(v*) = [*(w*), then by strong log concavity of F' and the fact
that g;; > 0 for (7, 7) € £ along with connectedness of graph, for any 8 € (0,1), we have

O (v*) + (1 — )" (w*) = —20 Z gijlog(F(v; —v})) —2(1—0) Z gij log(F(w; — w}))

(i,9)€€ (1,7)€€
> -2 Z qij log (F(G(U;k — vj) +(1- 9)(10:‘ — w;‘)))
(i,7)€€

= I"(0v" + (1 - 0)w").

This gives a contradiction since fv* + (1 —6)w* achieves a higher likelihood (or a lower objective value). The existence
of w* under Assumption | and finite b follows since the optimization of convex function is being performed over a
compact set. Below we show a proof of existence even when the parameter b = co.

Existence. Now, we will utilize the connectedness of graph G and Assumption 1 to show the existence of w*. Define
a sequence {w(™) € R™ : m € NU{0}} as the

w™ = argmin o, —o: *(w).

llwl]loo <m

Clearly w(™) exists as the optimization of a convex function [*(-) is being performed over a compact set. Define the
following sets as the components of w that potentially diverge to co:

Sy = {2 € [n] : limsup (w(m))i = —|—oo}, S_ = {Z € [n] : liminf (w(m))i = —oo}.

m m
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We will show that S, = S_ = @. Notably, if S, # @, then we consider the partition of [n] as S; U S]. Clearly,
1 € 8¢ # @. Since the observation graph G is connected, for some i € S, there exists j € S{ such that g;; > 0 (by

Assumption 1). This implies that —g;; log (F(wj(m) — w§’”))) — 400 as m — +oo. Hence, we can find a constant

A > 0 such that on the set {w; —w; > A}, we have
~gji log(F(w; —wy)) > I*(w'”).
Equivalently, for any w with w; —w; > A, we have
I*(w) > —gjilog(F(A)) > I*(w®) > 1* (w™),

where the first inequality follows since each term in [*(-) is non-negative. Therefore, we must have wgm) < wj(m) +A
for all £k € N. Since 7 € S, it follows that j € S by definition, which contradicts the assumption that j € S¢.
Hence, we conclude that S; = ). A similar argument shows that S_ = &. The fact that S, = S_ = & implies that
the sequence {w(™ : m € NU {0}} admits a convergent subsequence, which proves the existence of w*. O

Limitations of our assumptions. Both GTM and pairwise comparison models assume that different comparisons
between the agents are independent and the comparison probabilities remain constant over time. However, this is rarely
the case in real-world settings, where comparisons are often correlated and the underlying probabilities evolve with
time. Secondly, our testing framework assumes the existence of parameters § in Assumption 1 about the true comparison
probabilities. However, such constants are typically unknown in practice and selected based on intuition. Third, it is
not clear how large should the parameter b be as compared to F'~1(1—§)/2 so that it allows us to estimate the weights
from empirical probabilities p;;, without introducing ‘biases’ towards smaller values and at the same time being large
enough to give a reasonable approximation of separation distance with b = oc.

C. Proof of Theorem 1

The upper bound is trivial to prove

o (1P = Fw)llr < 1P = Fw)lle = |2 = Fllr,

where F is the pairwise probability matrix associated with the optimal weights. Now to prove the lower bound, observe
that

inf Z (pij — F(w; — wj))2

weEWy 4
(i.5)e€
. (pij — F(wi — wy))*
> inf F(-2b)(1 - F(-2b
> B, MO -FE®) D o - Flu—w)
(i,4)€€
4. 2 i(ps s i W
_cwlenfvb Z x“(Bernoulli(p;;)||Bernoulli( F(w; — w;)))
(i,9)€€
G2 . .
> Cwlenvab Z Dy (Bernoulli(p;;)||Bernoulli( F'(w; — w;)))
(i,4)€€
. Dij 1 —pyj
= ¢ inf log (=29 ) 4 (1—pi)log [ —— P4
clenWb Z Pig 508 (F(w7 - w])) +( pj) 8 (1 - F(wl - w]))
(i,5)€€
o 3 mton (gt ) 0 roee (gt )
(i,j)e€ g J g J
¢
S 2¢ Z |Bernoulli(p;;) — Bernoulli( F(w; — w;“))H%V
(i,9)€€
= 2c Z (pij — F(w] —w}))?,
(i,9)€€

where, in (; we set ¢ = F(—2b)(1 — F(—2b)) and x2(-||-) denotes the x2-divergence between two Bernoulli random
variables and in ( we utilize the fact that x?(R||Q) > Dki(R||Q) for two distributions R and @) and where Dk (-||-)
denotes the Kullback-Leibler (KL) divergence between two distributions, (3 follows since w* are the optimal weights
maximizing (8) for the 77 model. Finally, ¢, follows by Pinsker’s inequality, Dk (R||P) > 2||R — P||%, and thereby
completes the proof. O
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D. Proof of Theorem 3

We begin by recalling the definition of 1 € arg min,, ¢y, {(w) in terms of the symmetrized probabilities ¢;; defined

in (16) as .
l(w) =-2 Z Gijlog F(w; — w;) + (1 — §ij) log(1 — F(w; — wj)).
(i,5)€E+

Observe that since w is an optimal solution and w™* is a feasible point for the problem in (7), therefore we have
I() < I(w*). Moreover, since w* is the optimal solution of a convex function [* (w), therefore we have the optimality
condition VI*(w*)T(w — w*) > 0 for all w € Wj,. Now, by subtracting the quantity Vi(w*)™ (& — w*) from both
sides of [(w) < I(w*) gives

(W) — i(w*) = Vi(w")" (@ — w*) < =Vi(w*)" (b — w*) (17)
C1 A
< = (Vi(w") = VI (w))" (0 — w")
G2 ~
< IViw?) = VI* () [zt || = w™|z, (18)
where ¢; follows since VI*(w*)T(w — w*) > 0 for all w € W and (, follows from [14, Lemma 16] where || - |1, is

the semi-norm induced by the Laplacian matrix L of graph G and LT is the Moore-Penrose pseudoinverse of L. Now
observe that by chain rule, the Hessian of [ is given by

NS
= -2 Z (q” e log(F(t))\t:waij +(1- qij)@ log(1 — F(t))|thxij>xijx;rj,
(1,5)EEL

Since by our assumption that F'(t) is a-strongly log- concave on the set [—2b, 2b], this implies — dtz log(F'(t)) > «a.
Moreover, since F'(—t) = 1 — F(t), we also have 7dt2 log(1 — F(t)) > « for all t € [—2b,2b]. Therefore, for any
v € R™ with vT1 = 0, we have

VTV (w* v > 2a)| Xv||2 = 2aljv]|2.

Thus, by definition of strong-convexity, the left side of (17) can be lower bounded by «|[1 —w*||. Therefore, utilizing
the bound in (18), we obtain the following inequality

ol — w*||, < [|Vi(w*) = VI* ()| g1 ]| = w1
Cancelling ||w — w*||1, leads to the following error bound on ||@& — w*|| as
oo~ wll < SVi(w) ~ VI ()11 (19)
Since, both i, w* satisfy w1 = 0 and w**1 = 0, this yields the following upper bound on || — w* ||
[ —w*||, < %llw(w*) = VI (W[ (20)
Now, it remains to bound the term ||Vi(w*) — VI*(w*)||.+. Note that we can express the respective quantities as:
1, «T '
=2 3 (i~ (gt iﬁ(w*ﬁ”fﬁ)%

(i) €€+
(Gij — F(w] —wi)) F'(w] —w})

= -2 I 2, 21
o PG ) ey

o (g — Pl — ) P'(w; — )
VIO =2 2 G- Pl ) e

Therefore, subtracting the two equations gives

. B qzj — g F'(wf —wj) T
Vi(w*) — VI*(w*) = -2 Z wj)(lfF(w;‘fw;))x”_ 2X Ty, (23)

(i,3 €5+
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where v € RI€I/2 is a vector formed by entries v;; for (4,5) € £4. and quantities v;; are defined as
Fl(w; —wj)
F(wf —w})(1 = F(w} —wy))

Vi £ (Gij — @ij)

Note that the entries of the vector v are independent and have a mean of zero. Furthermore, we also have:

sup F’(x) < B £ B

wel-2b,20) F(2)(1 = F(x)) = F(=2b)(1 — F(-2b))
Additionally, for any (i,7) € £y, an application of the Hoeffding’s inequality on ¢;; — ¢;; yields the following tail

bound
>t)
B

2
@—sub-gausswn. Now, observe that

k
Vt>0, P(|gi; — qi5| > 1) < Z Zm pij) + Z Zm Pji)
< 26Xp(—2kt ) "
Consequently, v is a vector whose each entry is independent with zero mean and
we can express ||VI(w*) — VI*(w*)||7, in quadratic form as

IVi(w*) — VI*(w*)|2; = 4T XL X . (24)

Now, combining (20) and (24) we can upper-bound E[[|w — w*||%] as
Elllo — w |} < EIIVi(w*) - VI*@")]]

= aiE[vTXLT X Ty

52

= (X LIXT) = (-1

ka2

where tr denotes the trace operator and we have tr(XLTXT) = tr(LTXTX) = tr(LTL) = n — 1. Hence, by an
application of Hanson-Wright inequality [50] combined with usage of (20) and (24) as above, we have the following
concentration bounds on || — w*|| as

22 t2k2 4 th 2
Vt>0,]P’(|w—w*|% n62 >t>§2€xp —cming = e )= a
ko PHUIXLIXTE B2 X LIXT|2

( i { 220t tka? })
=2exp| —cming =—, —— } |.
pn—1) B

Hence, by a simple calculation, we can conclude that for some universal constant ¢, we have

| N

(25)

. . cen3? _
for all t > 1, P(w — w3 > tW) <et. (26)

Bounding the pth moment. Let A denote the quantity: A = \/cnﬁz/ ka2, Now the bound on the pth moment is
obtained by integration and utilizing the tail bound in (26) as

Bllo—wf) =p [ B0, >
A 00
:p/ PB(ld — wt, > 1) dt+p/ Pl — w*|, > 1) dt
0 A
A [e's)
g/ tpfldter/ (ADPTP(||d — w* ||, > tA)Adt
0 1

< AP +pAp/ -l Vi < c(p)AP.
0

Substituting the value of A in the above expression completes the proof. O
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V. PROOF OF THEOREM 2
We begin by recalling the test statistic 7' from (15) as
Zi‘ Zz -1 “ ~ 227.
T = Z ]( J )+F(w,;fwj)2f ]F( j)-

!/ /
iyes Rk = 1) ki

where w is calculated based on the data in Z; and Z;; are calculated based on the data in Z,. The expected value of
T conditioned on the weights w or equivalently conditioned on the data Z; is given by

Zij(Zij — 1) . .
ET|2]= ) E Wﬁ‘fl + F(w; wj)Q—ZE k’ F(b; — ;)
(i,)€E K
¢ N A . N
= N v+ Flby — aby)? — 2 F (i — b))
(i,4)€€
= > (pij — Flis —1i;))?, (27)
(i,4)€€
where in ( we have utilized the fact that E[le} = p” Hence, the expected value of 7' is given by
E[T] =ER[T|Z:])] = > El(pi; — F(; — 1i;))?]
(i,5)€€
= D (piy — Flw] —w}))® + E[(F(w] —w}) = F(; — y))’]
(i,4)€E

+ 2E[(pij — F(w; — wi))(F(w; —wj) — F(w; — @;))]
< |P — F|% + E[IF — FI2] + 2| P — FII=E[|IF — Fli¢], (28)

where F,IA: € R™*™ are matrices defined in Section IV-A. In order to find bounds on estimation error (such as terms
like E[||F — F||%]), we will utilize our simplifying assumption that k;; = 2k for all (i,j) € £. Now the ensuing lemma
provides the bounds on the pth moments E[||F — F||%].

Lemma 2 (pth Moment Bound). For matrices F and F defined as in Section IV-A, there exists constant c, possibly
dependent on p,a, 3,b such that the following bound hold on the pth moment of Frobenius norm ]E[HF — IA:H{;} for

p=>1 p
E[IF-FIE] < ()"

Moreover, there exists constant ¢ such that we have the following tail bound for all, t > 1

P(IF —Fl > ) < e

The proof is provided later in Section V-A. Thus, utilizing Lemma 2 and (28), we have obtain the following bound
for some constant ¢; and cs:

n n
BITI < P = FIE + caf + 2001~ Pl

Let Eg,[-] and Eg, [] denote the expectation operators under hypotheses Hy and Hj, respectively. In essence, we have
established the following bounds on E, [T1]:

n
|Em, [T]] < c2ys (29)

In a similar manner, we can obtain complementary lower bounds on Eg, [T] (cf. (28)). Consequently, we have the
following lower bound on Eg, [T]:

n
B (71 > 1P~ FIE — 201317~ Pl 30

Bounding variance. Now we will find bounds on var(7") under the two hypotheses. For this, we will make use of
the law of total variance by conditioning 1" with respect to Z; as

var(T) = Elvar(T | Z1)] + var(E[T | Z1]). 31
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First, we will examine the term E[var(T’| Z1)]. Note that conditioned on Z;, the term F(i; —1;)? is constant and does
not contribute to var(7T'|Z;). Moreover, Z;; for (i,j) € £ are mutually independent, and hence, we can analytically
find the expression for var(T'|Z;) as

¢ Z’L](le ) A2 Zij
var(T | Z;) = Z Var(lW)) +4F (w; — wy) Var<kij>

(i,5)€E
b)) (E[Z%(Zij -] E[Zy(Zy - 1) E%‘j])

LR, -1 R0, -1 K
Co Z 2]7” + 4(k/ — 2)}7” (6 4k§j)pfj n 4F2(’iji — ﬁ}j)pij(l —pij)
ki;(ki; —1) ki;

— 4F (ti;

2 2
—4F( ]) (pljk/va)’

ij
where (; follows from the variance of sum technique and (2 follows from the expressions for the first four moments
of Binomial random variables and some basic algebra. Now, in order to bound E[var(T | Z1)], we will substitute all
ki; = k for all (i, ) € € and simplify the above expression as:

2p%; — 4pj; + 2pl
Bfvr(l | 2)] = 30 =

(i.d)€€
Ap?  AR[F2(w; — ;)] SE[F(d; — 1;)]ps
+pij(1_pij)( i [ (k ;)] BE[F( . i) J)
2p7,(1 = pis)®  4pij(1— pij) 2
= o RIF(D: — s
2 k(,H) + e (i — ELF (s — 1))
(i,5)€E
ndmax
< A P—E
SSEG—1) H [F]I
ndmax
< A P—F F-E
<SS " (II e+ [Fllle)?
nd .
< — 2 4 —(||P — F|lr + E[||IF - F||r])?
SSk-D k(ll ¢ + E[| ¥])
ndmax 1 n 2
<4 C(|P-F = 2

where the last inequality follows from Lemma 2. Now we will bound the second term of (31), i.e., var(E[T|Z]).
Recall that by (27), we have E[T[21] = 3_; ;) ce(pij — F(; — w;))?. Therefore, we upper bound var(E[T | Z1]) as

var(E[T | Z,]) = var( S (i — Fliy — w»ﬁ) — var(|P — F}2)

(i,5)€E
= E[|P - F|lz] — E[|| P - FI|3]?
E[(||[P = Flle + [[F = Flle)*] = E[(| P = Fllr — [F = F[[#)*]?,

where the last inequality follows from triangle inequality in the first term and reverse triangle inequality on the second
term. Under hypothesis H the above expression simplifies trivially as

2
n
varg, (E[T | Z1]) < ¢4 <l<:) ) (33)
where varg, (-) denotes the variance under hypothesis [ for [ € {0,1}. Now, we turn our attention to bounding
varg, (E[T | Z1]). This bound can be established through a relatively mechanical process described as follows
vary, (E[T|21]) < ||P — Fl[i + 4] P = FIRE[|IF — Flle] + 6]| P — FIZE[|F — F|F]
+4|[P — Fl[eE[IF — FlIE] + E[IF — Fllg]
= (IP = Fllg + E[IF — FlIg] — 2P — FlIFE[|[F — Fl|x])*
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=8|P — FIIRE[|F — Flls] + 4P - FII%(E[IIFA* FII2) - EllIF -~ Flle]?)
+4)| P — Fllp (E[|F - Fllg] + E[lIF - FIEIE[]|F — Fllx])
+E[||F — Fllg] — E[IF - ﬁIIQ]Q

< 8ey|P F||F\f F s P - FIRT

4(03+0201)||P_FHF(E)3/2+C4<%>2 (34)

Thus, by combining Egs. (32) and (33) and (34) we obtain the following bounds on vary, (T") and varg, (T) based
on (31)

2
wnHAEHD._8&%““)—%ﬁ;§+wu(2) (33)
nd 1 n\’ n
varg, (E[T]) < Wm&x) k('P_ Fllr —|—cl\/;) + 8cr[|P — F||?13\/;
3/2 2
riell P~ FIEE + el Fle (7)) 66)

We define the decision rule as follows: Select hypothesis H; if the test statistic 7' exceeds the threshold 53 + c2 7,
ie.,

n n

T>7-— -,

TE T

where 7 is a suitably chosen constant (selected below). Consequently, we can employ the one-sided Chebyshev’s
inequality to bound the probability of error under hypothesis Hy, yielding:

(37

- n n n n
Py, (T >+ 02E> = Py, (T —Ep[1) > 47 + o - EHO[T])
< Py (T ~ B, [T] > 77)

varg, (T')
- varHo(T) +324(%)?
Dimps 4 20 4 cy(2)?
‘7ﬁ$*+cmz+m(> +72(2)2
dnax | (21 4 ¢,

1
Gptdiltaty T4

where the last bound holds for an appropriate constant such as 4 > max{4cy4, 4, 4c;/y/n}. This is because of the fact
that dpax < n.

Now, we will find an upper bound on the probability of error under hypothesis H;. Observe that an error is made
under H; if the value of the test statistic 7' < §7 + ca 7.

- n n
—Pu, (T~ B[] <37 + o — Em[7))
n
2 P(7 B [1) <73 + e+ 200y (1P — Flo - 1P = I}
G2 varg, (T') s 1

< <
~ vary, (T)+ (D? — A)2 — 4’

where (7 follows from (30), ¢ follows by one-sided Chebyshev inequality and defining D = ||P — F||p and A =
A% + o + 2¢1/FD. The step (3 holds if 4vary, (T) < (D? — A)? or equivalently if D* > 2y/varg, (T) + A.
Using the sub-additivity of /- operator, the following condition necessitates that for this to be true:

vnd 1 n n T n
25 of VMmax 1 n o3[l =D
D _2( 2]{,’ +\/E D+Cl k +2 201D k —|—2 02D ]{j
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n % n n n n
2/ \/D(f) Y432 b e 420, /2D
+ C3 i +C4k)+’yk+62k+ C1 i
Substituting D = ao\/% in the above expression, for some constant ag, we obtain:

2

2>t
2ndmax

1 p- -
+ 2(&() + Cl)\/; + 4\/ 2Clag/2 + 4\/0720(] + 4\/ 203@() + Yy + co + 2&001.
Again utilizing the fact that A2 (L) < 2dax, We can conclude that the above expression is true for some large enough
constant ag independent of n and k, thus establishing that for D = ag \/% and ag large enough our decision rule achieves
a type I and type II sum error of at most 1/2. Utilizing Theorem | we obtain that inf,,cy, || P—F(w)|lr = ©(||P—F||r).
Combining this fact along with the definition of critical threshold (cf. (14)), we have the following bound on &:

1
< — .
EC_O< nk)

This completes the proof. O

Remarks. Notably, from the above result, we have that e — 0 as n or k goes to infinity. Therefore, for any
fixed n and € > 0, our decision rule is guaranteed to achieve a non-trivial minimax risk (strictly less than 1) for any
pairwise comparison model P in the class M, or M (¢) as long as the number of observed samples for each pair (i.e.
k) are sufficiently large. Moreover, there do exist pairwise comparison models {p;; : (i,7) € £} whose (normalized)
separation is constant with n. Consequently, for such models, we can argue that for any fixed k£ and n large enough, our
decision rule will achieve a non-trivial minimax risk. One such example of a pairwise comparison model represented
by its pairwise comparison matrix (on a complete graph) is

1 1
P= (2+n)(11T—I)7 for any 7 € (07 2)-

It is easy to verify that for this comparison model, we must have inf,eyy, =[P — F(w)|r > 7. This is because any
matrix F(w) must satisfy the constraint (F);; + (F);; = 1 for every 7 # j, which immediately leads to the lower bound
of 1 on the separation distance.

A. Proof of Lemma 2
Observe that by definition of F and IE, we have
> (F(w) —w)) — Fli; —w;)* <2 Y ([(w) —w)) — (i —y)])?
(i,7)€€ (i,9)€€
< 48%||d — w7 (38)

Taking the power p/2 on both sides and then taking the expectation, we obtain

. R . n\»/2

E(IF - FIE) < 278Ell0 - w1} < o (5)
where the last inequality follows by plugging in the bounds on pth moment from Theorem 3 and absorbing the constant
o, f in c,. The tail bound follows directly from (38). O]

VI. PROOFS OF THEOREM 4 AND PROPOSITION 2
A. Proof of Theorem 4

Without loss of generality, we assume that the graph G is Eulerian. If not, we can reduce the problem to an Eulerian
graph by considering the largest Eulerian-spanning subgraph G of G so that every vertex of G has even degree, which
exists by our assumption that G is super-Eulerian.

Under the null hypothesis, we assume that the pairwise comparison model P is a uniform distribution, i.e., p;; =
%,V (i,7) € € and let Py denote the probability measure corresponding to this pairwise comparison model P. Under
the alternative hypothesis, we will set our pairwise comparison model R to be a perturbed version of the uniform
distribution (sharing the same observation graph G). Specifically, every perturbation will have the following property:

1 1
V(Z,]) S 5, ri; ==+ nbij7 where ne [O, 5 - (5], bij E{*l, 1}, bij + bji =0, Vi € [TL],

2
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and Z bij = 0,Vi € [n], (39)
Ji(i,5)€E
where b;; represents the signs of the perturbation by parameter 7. Note that we set b;; = 0 for (i,5) ¢ €. Let any such
sequence of perturbations b;; is represented by a matrix B € {—1,0,1}"*".
As we delve deeper into the perturbation structure, we will carefully select a subset of perturbations B satisfying
the constraints in (39), as well as additional constraints to be specified later

B C {b” S {—1,1} for (’L,j) e&: bij + bji =0, Z bij =0,Vi e [n]} (40)
j:(i,5)€€
Based on this selection, under the alternative hypothesis, let the pairwise comparison model R be generated from a
mixture distribution such that R = P +7nB and B ~ Unif(B), i.e., R is generated by adding the perturbation sequence
selected uniformly at random from B. Let P denote the measure corresponding to the overall mixture distribution.
As we examine the perturbation structure, we make our first observation: for any perturbation B satisfying (39), the
corresponding pairwise comparison model R belongs to the class M (¢), for some € as a function of 7). Specifically,
we will show that the perturbation B guarantees a minimum separation distance of € from the class of M.
Bounding separation. Our first observation is that any such perturbation R = P 4 nB has a sufficiently large and
(more importantly a tractable) separation distance. In order to lower bound this separation distance we will utilize
Theorem 1. But first, we need to find the optimal 7z weights w* (as in (8)). This is addressed in the following lemma.

Lemma 3 (Optimal Weights for Perturbed Matrix). For the Tr model and for any B € B defined as in (40), the
perturbed pairwise comparison matrix P 4+ nB has a unique optimal T weights given by w* = 0 (all zeros vector).

The proof is provided later in Section VI-C. We now utilize Theorem | to obtain the following lower bound on
separation distance as

wignyfvaP +nB — F(w)||p > c1||P +nB —F(0) ||

=cnVI€|

where ¢; is the lower bound constant in Theorem 1 and the last equality follows sinde (P);; = (F(0));; = 1/2 for all
(i,7) € &. Therefore, we have ne > c¢;11/|€| by definition of M (e).

Having established a lower bound on the separation distance for each of the perturbations, our next step is to carefully
select a special subset B3 of perturbations that allows us to approximate the “degrees of freedom” in the structure of
our perturbation set, while also taking into account the constraints imposed by the graph topology.

To this end, we leverage the assumption that our observation graph G is Eulerian, meaning every node has an even
degree. This property enables us to decompose G into a collection of edge-disjoint cycles, denoted by C. In addition, we
introduce a comparison incidence graph Gy, which represents the comparison structure as an undirected bipartite graph.
This graph has n item nodes on one side and |£|/2 nodes on the other side, each representing a pairwise comparison
(i,7) € € for j > i. The edges in G; connect items to their respective comparison nodes. Since every node in G has
an even degree, this ensures that the incidence graph G; is Eulerian, and therefore G; also has a cycle decomposition
denoted by C;. Notably, each cycle in Gy is of even length and we can establish a one-to-one correspondence between
the cycles in C and C;. Now, we orient the edges in the undirected comparison incidence graph G based on the values
bi; in the perturbation B. Specifically, we will orient the edges in Gy as follows: if b;; = 1, the edge will point from
the item node to the comparison node for pair (i, j), and if b;; = —1, the edge will have the opposite direction. The
constraints in (40) ensure that each node in G; has equal in-degree and out-degree.

To specify the construction of 53, we consider any fixed cycle decomposition C; (since it may not be unique). Let
the number of cycles in the cycle decomposition be denoted by |C;|. Let o; € Cr represents the ith cycle in C; and
|o;| denotes the length of this ith cycle. Observe that, we can independently orient the edges of any cycle o; € Cy in
either clockwise or counterclockwise direction yielding 2/¢!! distinct Eulerian orientations for G;. We then construct
the structured collection of perturbations B by associating each perturbation with one of the 2/°!| distinct Eulerian
orientations of the cycle decomposition C;. This establishes a one-to-one correspondence between valid perturbation
in B and distinct Eulerian orientations of C;. Thus, in summary we define B correspoding to decomposition C; as

B2 {bl] € {*1,1} : bij + bji = O,V(l,j) eé, Z bij =0,Vi e [n],
j:(i,4)€EE

‘bl — bl+1| =2,Vl € 0;,Vo; € C]},
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where, [ is used for indexing sequential edges of the cycle o;.

Bounding risk. Now, we will utilize the Ingster-Suslina method to compute lower bound on R (G, €) (cf. (13)). The
standard testing inequality by Le-Cam [46] states that

R(G,€) 21— [IPo — Psllyy = 1 = v/x*(P5|[Po). (41)

We calculate the chi-squared divergence x2(Po||P5) by expressing it as an expectation with respect to two independent
pairwise models corresponding to permutation B and B’ drawn independently and uniformly at random from B as
d]P BdHD B’

dPg '

We will now leverage the tensorization property of 1+ x2(P||Q) which enables us to decompose the chi-squared diver-
gence between product distributions into a product of individual divergences. Specifically, for distributions P;, @1, - .

P,,Q.,, we have
1+x2<HPZ- H ) [T+ X2 (PllQ0)-

= i=1

X*(P5||Po) = Ep 5 umit(B) {/

)

Consequently, the x2-divergence x?(Pg||Py) simplifies as
1+ x*(Pg|[Po) =

M) A i)™ (5 = mbi)R T (E) (5 A+ bl (5 — bl
(2= )

Ep, B/ ~unif(B) [
(ij)ee Nm=o (M (5"

k k—m (1 / \ym (1 ! \k—m

Z 5+ mbi)™ (5 — 1big)* ™ (5 + b)) ™ (5 — nbiy)

= EB , B’ ~Unif(B) |: < &l ! N 2 J 2 S . 42)
(igee \m=0 ()
We direct our attention to the (4, j)th term of the product in (42), for (i,7) € € and denote it as h(b;;, b;;)
k k) 1 m(1 k—m (1 ’rym (1 /' \k—m
=+ nbij)™(5 — nbij =+ bl )™(5 — nbl,;

Wb = () (5 +1big)™ (5 = mbig) "™ (5 +nbi;)™ (5 — nbiy;) ' “3)

k
m=0 (%)
Now since we have b;;,b;; € {—1,1}, therefore whenever b;; and b;; agree, by (43) we have h(1,1) = h(-1,-1).
And moreover, we can calculate h(l 1) as

= S 06 G

m=0
k k—m
k 1
:ka<><4+nun>< o)
m=0
k m k—m
k k n 1 n
v 3 () G rtae) (-
mz::om 2P A\ g2
= (1+4*)~.

Additionally, by (43) we also have h(1,—1) = h(—1,1) and it simplifies to

=23 (M) (3+0) (3-n) = a- o

For any two perturbations B, B’ ~ Unif(B), let random variables A; denotes the number of agreements between B, B’
respectively, i.e., number of (¢,j) € £; where b;; = b;j in randomly drawn permutation B and B’. And similarly let
Aj denotes the number of disagreements between B, B’ i.e., number of (4,j) € £, where b;; = —bgj. Consequently,
we obtain

1+ x*(Pg||Po) = Ep,p~unit(5) [h(l 1)2A1h( )2A2]
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= Ep,p/~unif(B) [(1 + dn?) A (1 — 4772)2“2}

< Ep, prounif(8) [GXP(SUQk(Al - A2))] : (44)

In addition, we define vectors a,a’ € {—1,1}/!l to represent the orientations of the |C;| cycles in G; induced by
B. The subsequent calculation will now be used to complete the proof:

G
2 (Ps||Po) + 1 < 22|c1\ > exp(8nk(A; — Ay)) G2 22\c1| ZeXp (877% > loilaia )

B,B’ 0;€Cr

H exp (8n°k|os|a;al) | 2 H E [exp (8n°k|o;]a;a})]

o, €Cr o, €Cy
1 1
= H <2exp(8n kloi|) + exp( 8772k|oi|)>
0,€Cr
47.2 2 472 2
< T (exo(320"K2(e))?)) :exp<32n kY ol )
0;€Cr 0;€Cr

where (; follows from (44) and the fact that there are 2/°| perturbations which are sampled uniformly from B, ¢,
follows from definition of a,; and the fact that number of agreements/disagreements can be represented in terms of the
agreements/disagreements of the cycle orientations a;,aj. (3 follows from the fact that the orientations of the cycles
are independent of one another. Finally, utilizing the fact that 0177\/@ < ne and by combining the resulting bound
along with (41) and the fact that cycle lengths in G; are twice the size in G completes the proof. O

B. Proof of Proposition 2

Part 1. For a complete graph, the comparison incidence graph G; has n item nodes and @ comparison nodes.

When n is odd, all nodes have an even degree equal to n — 1, therefore G is Eulerian. Notably, n can take the forms
n=6m-+1,n=06m+3, and n = 6m + 5, where m € N. As established by Kirkman [51], for n = 6m + 1
and n = 6m + 3, G can always be decomposed into cycles of length 3. Meanwhile, for n = 6x + 5, G can be
decomposed into a cycle of length 4 and remaining cycles of length 3 [52]. Therefore, we have |£]? = O(n?) and
> peclol? = O(n?), giving €2 = Q(1/nk)

Part 2. For graphs comprising a single cycle, it is easy to verify that the number of cycles is 1 and the cycle has a
length of n.

Part 3. Consider a d-regular graph with even degree d. The associated comparison incidence graph has n item nodes
and nd/2 comparison nodes. By applying [40, Lemma 9], we can decompose the edge set of the comparison incidence
graph into cycles of size at most |2log,(n) |, with at most min{2n+nd,4n} = 4n edges remaining. Since the graph is
Eulerian, removing cycles does not affect this property. Therefore, the remaining 4n edges can be further decomposed
into cycles of length at most 2n (since cycles can have a maximum length of 2n and this reflects a worst-case scenario).
This yields > . |o|* = O(n?), which in turn implies e = Q(1/n%k).

Part 4. For a toroidal grid of size v/n X y/n, we can generate a cycle decompostion of G consisting of /n horizontal
edges and /n vertical edges. Clearly, each of these edges have a length of /n. Therefore Yoo |oi|? = 2n/n. And
since it is a toroidal grid we have || = 2n. Plugging in these values we obtain £2 = Q(1/n"/4k). O

C. Proof of Lemma 3

In order to find the optimal weights w™*, our objective is to solve the following optimization problem with parameter
b:
F(w) = min — Y rijlog(F(w; — w;)) + (1 = rij) log(1 — F(w; — w;)).

Our initial observation is that, due to the skew-symmetrization of the model r;; +r;; = 1, we can express the gradient
of I*(w) as
F’(wi — ’U)j)

-2 Z Tl] w'*wj)) X '
j:(i.4)€€ Flwi —w;)(1 = F(wi — w;))

(VI* (w
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Furthermore, it is evident that the gradient is zero at w = 0. To see this, note that for all ¢ € [n], we have:

(VI (w))sw=o = —2 ;;g + mbij — (m)waiﬁ9mm)&ﬁwmz;;£mja

where the last step is followed by our construction of perturbation sequence in (39). Considering that the gradient is
zero at w = 0 and the optimization objective is convex over W, (in fact strongly convex over W), coupled with the
uniqueness of the optimal T weights as indicated by Proposition 1, we conclude that w* = 0 is indeed the optimal
and unique solution for any b > 0. O

VII. PROOF OF TIME-UNIFORM BOUNDS ON TYPE I AND TYPE Il ERROR PROBABILITIES

In this appendix, we will establish bounds on type I and type II error probabilities as described in Theorem 5.
First, we will introduce essential notation to facilitate our analysis and present our proof of Proposition 3. Then, we
will establish a few auxiliary lemmata such as which are needed to derive the bounds on type I and type II error
probabilities. Finally, combining these results, we will prove Theorem 5 in Section VII-C and a few corollaries based
on these results in Appendix A.

Additional notation. We introduce Yl for I € N and (7,7) € € to denote the observed comparisons that are used
for estimating Z;; = Y02 LV ZE T e, we let Y = ZIH for | € [ky). Also, define the statistic V¥ £ S Y,
Moreover, define 1,, as the all ones vector of length n and I,, as the identity matrix of size n X n.

A. Proof of Proposition 3

We will focus on the following sequence {7 5ok € N\ 1} defined as

k(vk vk
Tﬁéw b2 _9b, Yij
t k(k—1) K k:

Note that with b;; = F(w; — ), the term Tk reduces to the (7,7)th term of the test-statistic 7%1** (based on the
notation defined above) and we will now show that it is indeed a reverse martingale. To do this, we will demonstrate

vE(VE-1
that both the terms ”(7J) and “ are indeed reverse martingales. First, we focus on the former term. Observe

B(h—T
that we can write the product Y} (YZ]J€ 1) as
Sk (T k m k m
Y;I; (}/ZI; B 1) — (Zm 1 Y ) B Zm 1 Y _ 1 Z Yl ym
k(k— 1) E D) R i

l,m=1:l#m

where the last equality follows because an:l V(Y —1) = 0as Y7 € {0,1}. Also, observe that E[Y;" Y] | Fip]
=E [Yi;”Yi’jf | Fiy1] for I # m # r and where F}, is the canonical reverse filtration defined as the o-algebra generated

vk
by Fio = Qi jyee o’(ylij , Yi];"'l, Yi];“, . ) This is because for any set A € Fr1q and I, m,r € [k] and | £ m # r,

we have

E[Y;Yi1a] = E[YY514] and E[Y;14] = E[V;14].

v k(vk
Utilizing the above relations, we can show that % is indeed a reverse-martingale as:
k k m k+1
YE(YE-1) | Fo| =E D lmtittm Yy Yi) | Four| =  tme itz E[YSYE | Figa]
k(k—1) + k(k—1) * k(k—1)
k+1 3
Stm=tiizm Vi Vi vyn -
=K | Fk.t,.l =K |-Fk+1
k(k+1) k(k+1)
kA1 (k41
_ Y;j (Yw - 1)
E(k+1) ’

. . S . . .. Yk
where the last equality follows since Yi’;H is measurable with respect to F41. Similarly, we can also show that -
is also a reverse martingale as:

Sk k ’ k
£ Y0 7 | = Emet BOE [ Fina] _ S BV | Fion]
7R k k+1
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Finally, the proposition follows by the linearity of conditional expectation and substituting b;; = F'(W; — ;) as:

E[Tkl’k ‘ .Fk+1] =E Z TZI; ‘ .Fk+1

(i.5)€€
VE(VE 1) 5 | Fi
— E|22A w7/ ) 2 _op. R 2T
P = ] R
zl‘]
Yk+1( yk+1 _ ) ‘k+1 B
— 2 k+1 _ ki, k1
R e L L
(i,5)€€ (i,5)€€
This completes the proof. O

B. Intermediary Lemmata

In order to derive the proof of Theorem 5, we will first prove the following intermediary lemma that gives bounds
on type I and type II error probabilities where the threshold is a function of the estimated weights w. Additionally, the
lemma relies on a variant of the Hanson-Wright inequality that is time-uniform (see Lemma 5) and specialized to our
setting; this inequality is also proved in this subsection.

Lemma 4 (Conditional Bounds on Type I and Type II Error Probabilities). For any « € (0, 1] and for i estimated from
the first ki pairwise comparison for each pair in &, there exist a constant ¢ such that for v € (0,1/e), the following
bounds hold under hypothesis Hy and H; respectively:

) VIE F-F
P, (Hk >2,T"* > ||IF - Ff + c%ek,y +4”¢E”F\/€k,,,) <,

Pr, (ﬂk >2,T%* — ||P —Fll& > |IF — Fllf —2|IF — Fl|e|| P — Flle—

VIE P—F F-F
_CL% yl e+ | i3 ék) <,
k Vk

where (), = log (3.5 logQ(k)/u).

Proof.
Part 1. We will first prove the bound under hypothesis Hy. Based on the additional notation defined at the beginning
of the Appendix, we can simplify the (i, j)th term Ti’;il’k of the test-statistic 7%1-%

YE(vk -1 S
ki _ Y55 -1 + F(; — ;)? = 2F (; — ;) =~

iJ k(k— 1) k
k myl ~ ~
—1uem Yil Y ) F(w; — ;)2 Y5
= Bt 50 | - o T
2 (yE)TARYE LT AR F(w! — w?)? — 2F (w) — w})1F AWk +
Vi
(s = 3) = Flw] =) = 2(F (i~ ) ~ Fwf —wp) (2 = Flat — 7))
¢ * * ~ ~ * *
= (yfj - F(w; — wj)lk)TA(k)(yj F(w; — W Lk) +(F(w; — wj) - F(w; — wj))2
I
YFE
~ 2P (i~ ) - Flut - wp) (52 - Flut - w))),
2t
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T
where in ¢; we have A% £ l;;(lk’flgk and yfj € R* is a vector such that yfj = [V} Y] and in ¢, the term Iilj’k

GRS ¢
follows by observing that

* * T * *
(i = F(w —wi)1e) A (y; — F(w] —wj)1e) =
() TAWYE 4 1T AW 1 P () —wh)? — 2p 1T AR YL (45)
Now, we will upper bound the quadratic variation term Z(i jee Iilj’k. For this we will utilize Lemma 5 to obtain the
tail bounds for any v € (0,1/e) to obtain (for some constant c):

IP’<EIk22: > I}]f’“>cV|5£k,V> <

v
k -2
(i,5)€E

It is straightforward to show that 3, ;e Ifj’k is (4||F — F||2/k)-sub-gaussian. Therefore, by utilizing time-uniform
version of Hoeffding inequality [48, Corollary 8] for the user-defined h(k) = (mk)?/6 (also used for the stitching

argument in the proof of Lemma 5), we obtain for any v € (0, 1)

. log(h(log,(k))) + log(2/v) v
P(3k>2: 25 > —2||F — Fllpy /2 2 <.
(322 ¥ 14>l ||F\/ i <5
(i,5)€EE
Combining the two tail bounds and a simple calculation completes the proof for type I error.
Part 2. Observe that under hypothesis H; we have
. e e YVE(E 1) L -
TZ = (pij — F(w; _wj))2 = ﬁ —P?j + F(w; —1)* — F(w] — wj)2
YE
+ 2<F(w§‘ — wj)pij; — F(wi — wj),j)
() TANY — 1TAO 2 + P - 0)? = F(w] - w)?
YN
+ 2p;; (F(w] — w;‘) — F(w; —wy)) + 2(pij - ]€J>F(’wz — wj), (46)
where in ¢; we have AF £ 1;:(1 5_71?“ and yfj € R” is avector yfj = [Yijsee yfj] as before. Now, observe that the term

, . T
(?ij)TA(k)yfj - 1EA(k)1kp§j = (Z/fj — pijlk) A(k)(yfj — pijlk)

T
+ 2p;j (yfj — pijlk) AR,

vk
= (vt — pijle) A® (v — pij1x) + 2035 (lc] _piﬂ')

Substituting the above bound in (46), we obtain
* * T
Th — (pij — F(wi—w}))? = (yf — pijle) AW (yf — pijli)

3k
ij

Yk
+ 2(piy — F(w; — ;) (U _pij>

4,k
I

+ (F(wi = w5) = Fw; —wj))(F(di — ;) + F(w; —wj) = 2pij) -

5,k
I

Now the term -, » ce If’j’k is bounded by utilizing Lemma 5 to obtain the tail bounds for some constant ¢

]P’(Elk>2: S > —cY ‘Se,w) <

(i,)€€ F

v
5"
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And the term Z(i jee I 14]1@ is bounded by utilizing adaptive Hoeffding’s inequality [48, Corollary 8] to obtain the tail

bounds
¥4 v
. 4,k kv
]P’(Elk>2. E Iij > —4||P — F||F k><2'

(i,4)€€

An application of triangle inequality to the above equation yields

A I v
P(Hk22: > i > —4(|P—Fllg + |IF = Fllp) ’;f )gQ.

(i,9)€€
Finally, the term Z (i.j)€E ”’ is bounded using Cauchy-Schwarz inequality as:
Yo L= Y0 (Fld—dy) - Flwf —w)))?
(4,4)€E (4,9)€E
Y 2AF (s —dy) — Fw] —w)))(F(w] —w)) —pij)
(i,5)€E

> |F — Fllf = 2|[F — Flle[|F — Pllr.

IBk I4k I5k

Combining the three bounds for ij oAy 1

completes the proof for type II error. O

Lemma 5 (Time-Uniform Quadratic Bound). For any element v in a finite set V, consider a sequence of independent
random variables xg, ),xq(,z) x£3)7... such that = ~ Bernoulli(p,) for I € N and some p, € (0,1). Define the
random vector x( ) = ( M x5,2), ey ,(,k)> € R* and let {A(k) € R¥*F . k€ N} be a sequence of matrices such

that A®) = (1, 1% — I},) /(k(k — 1)). Then, there exists a constant ¢ > 0 such that for all v € (0,1/e), we have

Va4
(Elk > 2, Z ) —p1)TAB R —p 1) > ¢ I~|c | log (3.5log2(k)/y)> <v

veV

Proof. Denote s\ = (mg,k) - pvlk)TA(k)(@()k) — py1k). Recall that we had shown that {sq()k) : k€ N\ 1} forms a
reverse-martingale with respect to canonical reverse filtration {o( 3% _, 2™ g FHD kD )tk eN\1}, ie,
for k > 2, we have

E[(fgfc) — poly) T AW (z(F) — polp) [ Frg1] = @Y — Py ) TARTD (@D — po1y ).

This fact follows from an expansion of the corresponding terms (similar to (45)) and then the proof follows as in
Section VII-A. Now, for any v € V, we define a richer class of filtration known as exchangeable ﬁltratlon {

N\ 1} [53], which denotes the o-algebra generated by all real-valued Borel-measurable functions of mv ,:ci, 73:?, e
which are permutation-symmetric in the first & arguments. It follows directly that 55, ) is also a reverse- martingale with
respect to F} . Therefore, by [48, Theorem 4], we have that the mapping x — exp(Az) for A € (0, 00), when applied
to sSJ ), yields a reverse-submartingale with respect to filtration ]:",2 . Define the product o-algebra Fi = Ry Fr-
Now, for any k¢ > 2 and kg € N, we have that

IP’(EIk > koY s > u> - IP’(EIk > ko s e Tvev s > e)‘“)

Efesa{ (05,006 }]

— eAu

where the last step follows from Ville’s inequality for nonnegative reverse submartingales [48, Theorem 2]. Also note
that 55, ) < 1 for all k£ with probability 1, therefore E[e Asi) | always exists. Now note that

(k) T 4 (k) (= (k) : —pv )z — p,)
Z(xv _pvlk) A (xv - Z Z 1)

veY veV i,k=1i#j
k k
= (@) A (@),
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where (_(k)) = [(xgi) 1ipo,) T, .

z for all v; € V and i € [|V]]. And A5 (k) ¢ RIVIFXIVIE formed by stacklng the matrices A" as a diagonal block
structure. Now by [50, Theorem 1.1], we have that there exists constants ¢, ¢’ such that we have

E|e* 2o | < exp(—eN AR for A< /145,

(xg,n),l lkva) ] is a vector in R*VI formed by concatenating the vectors

where || - ||2 denotes the spectral norm. Therefore, we have that

P(Elk > ko Z st > u) < exp(fAu + c)\2||A$°)H%) for A < c’/||A§}k°)||2.
veV
Now, by optimizing over A\, we can conclude that

u? u
P(Hk > ko : Z sk) > u) < exp (—cm { A(kro) A o) }) 47)
vev AG2 AT

By the block structure of Ag,k 0), we have the following
V|
ko(ko — 1)’

Substituting, the above values in (47) we obtain that for all v € (0, 1/e), we have the following result for some constant

c:
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veY

k k
1AV 17 = and AV |l2 = max [ A > =

The rest of the proof follows by a stitching argument [54] and is provided below for completeness. For any v € (0,1/e),
2
define a function h(k) = %. Now, observe that

P<3k22:Zsf}k)Zév|Vlog( (log, k ))

k v
veV
o0
W< VIV (D)

<3 p(as 23> o g (1)
= v

< — .
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Finally, the statement in the lemma follows by a simple calculation. O

C. Proof of Theorem 5

Fix ¢ > 1, and recall that from Lemma 2, for some constant ¢, we have that with probability atmost e, ||F —F||p >
v/cotn/ky. This implies that with probability at least 1 — e~?, we have

. VIE F-F ,
IIF—FII%+c—]L Ly, +alE=Fle 7 o oy Ié’\ Ly At

NG B =T ks

Therefore, by using a basic union-bound argument to the bound under null hypothesm in Lemma 4, we have

t tnly.
P, [ 3k > 2,77k > O |5| Ll Y S
ko Kk,

The bound on type II error follows by a similar argument. First, using basic algebra, and using D to denote ||P —F||p,
we obtain from the bound under H; in Lemma 4 that:

H, (ak >2,T"* > (D —||F—F|p)? - c|5k|§z,w PICh ljﬁ_ Flle) \/z,w> <.

Now utilizing the fact that the D > +/cotn/(k1) and the same union bound technique as above, we obtain that

2 1
Py <E|k>2 T’“’k—(D— Com) < el by

k1 k
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Since the above bounds for any pairwise comparison matrix P satisfy Assumption | and ne = O(D) by Theorem 1,
we can take supremum with respect to P in classes Mg and M (+/éot/(nk1)) on type I and type II error probability
bounds, respectively. This completes the proof of the theorem. O

VIII. EXPERIMENTS

In this section, we develop a data-driven approach to select the threshold for our test 7', and conduct simulations to
validate our theoretical results and its evaluations on synthetic and real-world datasets.

Estimating the threshold. Given a pairwise comparison dataset Z = {125 2 (4,5) € & m € [ki ]}, we employ
an empirical quantile approach to determine the critical threshold for our hypothesis testing problem. We generate
multiple 7r models with random skill scores w € R™ such that ||w|« < b for some constant b and simulate k;; “i
vs. 7 comparisons by sampling binomial random variables {Zij ~ Bin(k;;, F(w; —w;)}(;,j)ee- We then compute the
test statistic T" for each simulated dataset, repeating the process a sufficient number of times to build a distribution of
test statistics. Finally, we extract the 95th percentile value (or 0.95 quantile) from this distribution as our empirical
threshold.

Estimated Threshold Testing of LMSYS Chatbot Arena Leaderboard
—e— Thurstone, 2D Grid, k=12 o Kavg " T/n for BTL
05l | —m— Thurstone,lZD Grid, k=20 2.0 kavg -T/n for Thurstone
—a— BTL, 2D Grid, k=12
o AE § E,, —+— BTL, 2D Grid, k=20 " —s— Threshold for BTL s )
% —e— Thurstone, Complete, k=12 g 151|—=— Threshold for Thurstone 2 51% ;
> 06 —=— Thurstone, Complete, k=20 o & 8 ; gé "’5 g §h' * EE
% —a— BTL, Complete, k=12 _i 1.0 t? E @ E} l E S
S —— BTL, Complete, k=20 9 g 5 B & i 8 E
= 04l S —e— Thurstone, G(n,p), k=12 =
& —s— Thurstone, G(n,p), k=20 g 0579
< —&— BTL, G(n,p), k=12 S
i \o— BTL. G(n.p), k=20 z .|
0.2
" R —054 %
-
2‘0 3‘0 4‘0 Sb éO é 7‘ é 1‘1 1‘3 1‘5 1‘7 1‘9 2‘1 2‘3
n n

Fig. 1: Estimated scaled threshold for various values of Fig. 2: Scaled test statistics and the estimated thresholds
n, k, graph topologies, and 7z models. evaluated on the LYMSYS dataset.

In our first experiment, we investigate the behaviour of threshold for test 7" based on this empirical quantile approach
for various values of n and k, and for different graph topologies and 7z models. We considered values of n ranging
from 15 to 55 with intervals of 10, k € {12,20}, and graph topologies including complete graphs, [v/n | x [v/n ]
toroidal grids and sparse graphs generated from Erdés-Rényi G(n, p) model with parameter p = 2log®(n)/n and the
Tr models included standard Thurstone (Case V) and BTL models. For each choice of parameters, we generated
400 models by randomly sampling weights and with b = F'~1(0.98)/2 and generated synthetic comparison data. The
scaled test-statistic kA2(L)(G) - T'/(ndmax) Was computed for every parameter choice and the 95th percentile value of
this scaled 7" was identified as the threshold . Fig. 1 plots this 95th percentile values with respect to n for various
parameter choices. Notably, the value y remains roughly constant with n, k and model F' for complete graphs. However,
for toroidal grid graphs, a significant decrease in the scaled test statistic is observed, suggesting that our error bounds
may be overly conservative in estimating the deviation in 7.

In our next experiment, we apply our test to the LMSYS chatbot leaderboard [55], a widely used benchmark for
evaluating the performance of LLMs. The dataset contains a collection of pairwise comparisons between various LLMs
based on their response to prompts, which are then used to obtain ELO ratings. We retain the directional nature of
comparisons, where an “4 vs. 5~ comparison indicates model ¢ as the first response and j as second during the evaluation.
We rank the LLMs based on their frequency of appearance in the dataset and perform the test repeatedly on top n
LLMs in this ordering, with n ranging from 5 to 21 with gaps of 2, for both Thurstone and BTL models. For each n,
we plot the values in Fig. 2 of (scaled) test-statistic kg - 7'//n and the obtained (scaled) thresholds using the quantile
approach (with same parameters as above), where k,y, is the average of k;; over all (4, ) € £. By randomizing over
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the partitioning of dataset Z into Z; and Z5 and computing 7" each time, we essentially obtain a distribution of 7" and
plot these values in Fig. 2 as a scatter plot. The figure highlights that both BTL and Thurstone models perform well
in modeling for smaller values of n with only 10% of samples above the threshold but exhibit significant deviations
for larger values of n (as around 60% samples are above the threshold for n = 21). Notably, for both experiments,
the error bars are 96% confidence intervals (see Appendix B for additional details), and all results were obtained using
modest computational resources within a few minutes to an hour.

IX. CONCLUSION

In this work, we developed a rigorous hypothesis testing framework to determine whether pairwise comparison data
is generated by an underlying generalized Thurstone model with a given choice function F'. Our analysis introduced
the notion of separation distance to quantify the deviation of a pairwise comparison model from the set of 7z models,
enabling us to frame the hypothesis testing problem in a minimax sense. Leveraging this formulation, we derived both
upper and lower bounds on the critical threshold of our testing problem, revealing key dependencies on the topology
of the observation graph. These bounds were shown to be tight for certain graph classes, such as complete graphs.

In addition, we proposed a hypothesis test based on the separation distance and established theoretical guarantees,
including “time-uniform” bounds on Type I and Type II error probabilities, as well as a minimax lower bound on
the risk of the testing problem. Alongside this, auxiliary results such as error bounds for parameter estimation and
confidence intervals under the null hypothesis were derived. To validate our findings, we conducted experiments on
both synthetic and real-world datasets and introduced a data-driven approach for determining the test threshold.

This study opens up several avenues for future research. For instance, extending the hypothesis testing framework
to handle general multi-way comparisons rather than pairwise comparisons. Other directions include developing active
testing techniques within the framework of generalized Thurstone models that optimize test performance. Finally, an
important avenue is extending the testing and estimation framework to dependent data, as real-world data often exhibits
correlations that could affect estimation as well as testing results.
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APPENDIX A
SIMPLIFIED EXPRESSIONS FOR TYPE I AND II ERROR PROBABILITIES

We obtain the following corollaries by plugging in the parameter values in Theorem 5 for a complete graph and
single cycle on n nodes.

Corollary 1 (Type I and Type II Error Probability Bounds for Complete Graph). For the setting in Theorem 5 assume
that we have a complete graph on n nodes, then there exists (different) constants c1,ce,c3,cq,c5 > 0 such that for
€ > c¢5/\/nky, such that for all v € (0,1/e) and t > 1, we have
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Corollary 2 (Type I and Type II Error Probability Bounds for Single Cycle Graph). For the setting in Theorem 5,
assume that we have a single cycle graph on n nodes, then there exists (different) constants c1, ca, c3,cq,C5 > 0 such
that for € > c5/+/nky, such that for all v € (0,1/e) and t > 1, we have
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APPENDIX B
EXPERIMENTS DETAILS AND ADDITIONAL EXPERIMENTS

In this appendix, we will provide additional details about the experiments that were performed in Section VIII, and
in addition, we will empirically calculate the confidence intervals based on the expression in Proposition 4.

A. Additional Details for Experiments

In this section, we provide additional details on the experimental setup and methodology for the experiments in
Section VIII.

Error bars and estimation of w. To estimate the 95th quantile of the test statistics 7', we used 400 samples. The
error bars were based on the two-sided distribution-free conservative estimates presented in [56]. Specifically, for the
95th quantile, the upper 96% confidence interval was computed as the 97th quantile of the computed tests 7', and the
lower confidence interval was computed as the 92.5% quantile. Moreover, in all of our experiments the estimation of
w was performed using standard gradient descent algorithm with a learning rate of 0.01 and for a maximum of 3000
iterations, until the norm of the gradient was less than 1075,

Testing on LYMSYS dataset. In our experiment on LYMSYS dataset, we used a maximum of 200 samples per
pair and discarded pairs with fewer than 30 observed comparisons to reduce the imbalance in the data across pairs.
The observation graph was a complete graph except for the larger values of n which had a few edges missing.

B. Confidence Intervals Under Null Hypothesis

In this sub-section, we will discuss a method to approximately calculate the confidence intervals under the null
hypothesis, with a focus on the BTL model. While our discussion is specific to the BTL model, it can be easily
generalized to other Thurstone models. Specifically, our goal is to approximately calculate the constants in Proposition 4
and as well as approximate the distribution of || F— F||r. For the former, we will estimating the constants by conducting
some simulation while for the latter, we will be utilizing gaussian approximation based on the asymptotic normality
of w — w* which was proved for the BTL model [35, Proposition 4.1]. Similar results have been established for the
general Thurstone models as in [36].

Estimating constant c; in Proposition 4. To estimate the constant, we plot several trajectories of the normalized
stochastic process % Zvev(fgﬁ) —pulp)T A(’f)(a‘cgk) — pyly) with 7 generated as in Lemma 5 and the p, selected
uniformly at random from (0, 1). The values of || varied from 10 to 100 with gaps of 10. Fig. 3 plots the various
trajectories of the (normalized) stochastic process as a function of & and also plots the 95th quantile for the stochastic
process for all k& € [100]. The figure suggests that ¢; ~ 0.45 is a good approximation to the value of ¢; (in the fixed
sample setting).

Estimating the quantile of ||F — F||p. In order to estimate ||F — F||r, we will utilize the asymptotic normality of
vector A = w —w*. Let @ be computed as in (7), then under the conditions of mild regularity conditions it was shown
in [35, Proposition 4.1] that

(p1 (@) (1 — w}), ., pr (@) (i, — B5)) % N(0, L),

where p;(w) = \/k: > i jyee F' (Wi — ;) and < denotes the convergence in distribution. We will utilize this
asymptotic normality result to approximate the distribution of ||F — F||r using the delta method as:
- * * ~ ~ 2
IF = Fl% = Z (F(wz - wj) = F(b; - w]))
(i.)€€
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Fig. 5: Estimated threshold based on Proposition 4.

N N N a2
~ Z F'(w; — wj)z((wi — ;) — (w} —y))
(i,7)€€
=3 F'(i; — ;)3 (A — A§)* = 28T Lp()A,
(4,4)

where we define Lz (w) to be the following matrix

—F'(w; — w;)? if (i,5) €&
(Lr)y = Lipes F/wi—w)® ifi=]
0 otherwise.

Since A is asymptotically normal (as k — c0), therefore we approximate the distribution of ||F — |%|\% with distribution
of 2AT (W) Ly (w)A(w) where A;(w) ~ /\/(O7 ij;(i,j)eglF/(wi_wj)
|F'(w) — F(w*)|  calculated by randomizing over the choice of partitioning of Z into Z; and Z,. We also plot its
asymptotic approximation, i.e., the empirical distribution of 2A™ (1)L (1)A (). Clearly, as can be seen in Fig. 4,
our asymptotic approximation does indeed well approximate the empirical distribution even for a small number of
samples. Finally, based on the the 0.95-quantile of the empirical distribution of 2AT (1) Lz () A (1), we compute the
expression in for c; = 0.45 and plot the estimated confidence intervals in Fig. 5. It can be observed that for a complete
graph, our estimated threshold values indeed do approach the value of 0.8 in Fig. 2 computed via empirical quantile
method.

. In Fig. 4, we plot the empirical distribution of
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